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Abstract 

We compute an universal weight function (off-shell Bethe vectors) in any rep- 
resentation with a weight singular vector of the quantum affine algebra Uq{Ql^) 
applying the method of projections of Drinfeld currents developed in |EKP| . 

1 Introduction 

In |EKP] a new method for the construction of weight functions, also known as off- 
shell Bethe vectors, was suggested. In this paper we apply the constructions of [EKPj 
and |KPTj to the quantum affine algebra Ug^gl^^) and compute explicitly off-shell Bethe 
vectors in representations with a weight singular vector. 

Off-shell Bethe vectors in integrable models associated with the Lie algebra gij^ 
have appeared in |KRj in the framework of the algebraic nested Bethe ansatz. Except 
for N = 2, off-shell Bethe vectors are defined inductively. They are functions of several 
complex variables. If the variables satisfy the Bethe ansatz equations, the Bethe vectors 
are eigenvectors of the transfer matrix of the system. The construction of |KRj was 
developed in [TVlj . where weight functions were defined as certain matrix elements of 
monodromy operators. Recently, the construction of |TVlj was used in (TV2] for the 
calculation of nested Bethe vectors in evaluation modules and their tensor products. 

The approach of |EKPj is based on the "new realization" of quantum affine algebras 
[D] and its connection to fundamental coalgebraic properties of weight functions, found 
in |TVlj . The key role is played by certain projections to the intersection of Borel 
subalgebras of the quantum affine algebra of different kind, introduced in [ERj . It is 
shown in \KP\ lEKP] that acting by a projection of a product of Drinfeld currents on 
highest weight vectors of irreducible finite- dimensional representations of Ug{gl^) one 
obtains a collection of rational functions with the required comultiplication properties, 
that is, a weight function. 

In this paper we perform a calculation of those projections and present explicit 
expressions for weight functions of the quantum affine algebra Uq{gl^) in modules with 
a weight singular vector. We present the result in two different ways. First, we write the 
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weight function as a polynomial over Gauss coordinates of defining L-operators with 
rational dependence of parameters, see eq fl5.3l) : this is equivalent to certain Cauchy 
type integral over Drinfeld currents, see Theorem 1; eq. fl4.39p and eq. fl4.4UI) . Second, 
we express the weight function as a polynomial with rational functional coefficients over 
matrix elements of the same L-operators (Theorem 2). As an application we compute 
off-shell Bethe vectors in evaluation modules. 

We compare our results with calculation of |TV2j and verify a variant of the con- 
jecture of |KPT] about the coincidence of the two constructions of weight functions. 
For such a verification we need to adjust our construction to the data of |TV2j . were 
the different i?-matrix is used. Two types of the recurrence relations for the universal 
off-shell Bethe vectors related to two different embedding of Ug{glj.^_i) into Uq{glj^) was 
obtained in |T V2j . In the forthcoming paper [OPSj we will explain these two types of 
the relations for the universal weight function using two isomorphic current realizations 

The paper is organized as follows. In section 2 we recall the two descriptions of 
f/g(g[^): by means of the fundamental L-operators and the so called 'new realization' 
of Drinfeld. In Section 3 we describe, following |KPTj . the construction of a weight 
function as a certain projection of products of Drinfeld currents. Section 4 contains 
the main calculations with the constructions of |EKPj and |KPTj . For this we extend 
the projection operators of |ERj to a natural completion of the algebra, where we use 
so called composed currents of [DKj and strings. Their projections are then expressed 
in Gauss coordinates of the fundamental L-operator. 

In Section 5 we translate the results to the L-operator's language. The resulting 
formula, see Theorem 2, is more general then in |T V2j : it does not refer to any evalu- 
ation map. Its structure is rather curious: the order of L-operators's entries does not 
correspond to any normal ordering of the root system. A specialization to the evalua- 
tion map is given by eq. (15.241) . In Section 6 we compare our results with |TV2] . The 
i?-matrix in |TV2j differs from ours by a finite-dimensional twist. We modify accord- 
ingly our construction and observe the resulting literal coincidence with |TV2j . This 
allows us to verify the conjecture of |KPT] for the i?-matrix of |TV2j : the two construc- 
tions of weight functions give the same result in any irreducible [/g(g[^)-module with 
a weight singular vector. This result can be formulated on a formal level, see Theorem 
3. The paper contains three appendices with important technical results, including 
various properties of strings and of their projections. 
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2 Quantum afRne algebra Uq{Q[j^) 

2.1 L-operator description 

Let Ejj e End(C^) be a matrix with the only nonzero entry equal to 1 at the intersec- 
tion of the i-th row and j-th column. Let R{u, v) e End(C^ (g) C^) (8) Cffv/ii]], 

R{%v) = V Eii®Eu + — '— V (Eii^Ejj + Ejj^Eu) 

l<i<N ^ ^ l<i<j<N 

q-q-' ' ' ^^-^^ 

qu - q-^v ^ J J 

l<i<j<N 

be a trigonometric /^-matrix associated with the vector representation of gljv- ^ satis- 
fies the Yang-Baxter equation 

Rl2(lil, U2)Rl3{ui, U3)R23{U2, U3) = R23(^i2, ^i3)Rl3(^il, 1i3)Rl2(til, ti2) , (2.2) 

and the inversion relation 

Rl2(lil, 'U2)R2l(li2, ui) = 1. (2.3) 

The algebra Uq{Qlj^) (with the zero central charge and the gradation operator 
dropped out) is a unital associative algebra generated by the modes L^[±A;], k > 0, 

i ^ i,j ^ N, of the L-operators l^'^iz) — X^felo 5^f^=i ^i.? ® L^[='=^]-^^'^) subject to 
relations 

R{u, v) ■ {L^{u) (8) 1) • (1 h^{v)) = (1 (8) h^{v)) ■ {L^{u) (8 1) • R{u, v) 

R{u, v) ■ {L+{u) ® 1) • (1 L-(^;)) = (1 ® L-(^;)) • {L+{u) ® 1) • R{u, v), (2.4) 

^[0] = L-J0] = 0, L+ [0]L- [0] = 1, l<i<j<N, l<k<N. 

The coalgebraic structure of the algebra Uq{glj^) is defined by the rule 

JV 

^(lS(«))=E L£(^^)®L|(«). (2.5) 

k=i 

2.2 The current realization of [/^(gt^) 

The algebra Uq{gij^) in the current realization (with the zero central charge and the 
gradation operator dropped out) is generated by the modes of the Cartan currents 

k^{z) = Yl kn^m]^''"', ktmm = i , (2.6) 

m>0 

i — 1, . . . , N, and by the modes of the generating functions (called 'Drinfeld currents') 
E,{z) = J2Ei[n]z-\ F,{z) = J^Fjn]^-", (2.7) 



i = 1, . . . , N — 1, subject to relations 

{q'^z - qw)Ei{z)Ei{w) = Ei{w)Ei{z){qz - q'^w) , 

{z - w)Ei{z)Ei+i{w) = Ei+i{w)Ei{z){q~^z - qw) , 
{qz - q'^w)Fi{z)Fi{w) = Fi{w)Fi{z){q'^z - qw) , 
{q'^z - qw)Fi{z)Fi+i{w) = Fi+i{w)Fi{z){z - w) , 

kt{z)F,{w) {kHz))-' = '-^^^F.{w) , 

kt,,{z)FM {ktMY" = ^^JI^^^(^) ' (2-^ 
kf{z)F,{w){kf{z)Y' = F,{w) if + 
kf{z)E,{w) (kHz))-' = ^^^^EM , 

kt,,{z)E,{w) {kt,{z))-' = EM , 

\ T- / qz — q 

kf{z)E,{w){kf{z))-' = E,{w) if + 
mz), F,{w)] = 5., 5{z/w) (q - q'') [kf {z) / kt^,{z) - kr [w) / kr^,{w)) , 
together with the Serre relations 

^ym,^^,^{Ei{zi)E,{z2)Ei±i{w) - {q + q-^)Ei{zi)Ei±,{w)Ei{z2) + 

+ E,±i{w)E,{zi)E,{z2)) = 0, 

SYm,^^,^{Fi{zi)Fi{z2)Fi±,{w) - (g + q'^)Fi{z,)Fi±,{w)Fi{z2) + 

+ Fi±,{w)Fi{z,)Fi{z2)) = . 



(2.9) 



The isomorphism of the two realization is established with a help of the Gauss decom- 
position of L-operators. We define Gauss coordinates F^^^{z), 'Efj{z) I < i < j < N 
and kf{z),i = l,...,NhY the relations 

(N N \ ^ / N N \ 

J2^u + Yl ■ E ■ E + E E£(^)E,. . (2.10) 

i=l i<j / i=l \ 1=1 i<j / 

We identify k^z) with the Cartan currents (12.61) and set |DFj 

E,{z) = El^,{z) - E-^^,{z) , F,{z) = F+ , .(z) - Fr^,^^iz) . (2.11) 

For any series G{t) = Xlmez ^["^]^ denote G'(t)*^+^ = Xlm>o ^["^] ^""^ ' ^^"^ 

G{t)^^^ = — Ylm<o Crlm] t^™" . The initial conditions (12. 4p imply the relations 

KiA^) = F^i^)^^\ E±+iW = ^ ■ (2.12) 
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In (D] the current Hopf structure for the algebra f/g(g[^) has been defined, 

A(^) {E,{z)) = E,{z) ® 1 + k7{z) {kr^.iz))-' ® E,{z), 
A(^) {F,iz)) = 1 ® F,iz) + F,{z) ® , (2.13) 

A(^) {kt{z))=kt{z)^kt{z). 

We consider two types of Borel subalgebras of the algebra Uq{gij^). Borel sub- 
algebras C/g(b^) C Ug{Qlj^) are generated by the modes of the L-operators L^^\z), 
respectively. Another type of Borel subalgebras is related to the current realization of 
Uq^Qlj^f). The Borel subalgebra Up C Uq{Qlj^) is generated by the modes Fi[n], k^[m], 

i = l,...,N — l,j = l,...,N,neZ and m > 0. The Borel subalgebra Ue C Uq{glj^) 
is generated by the modes Ei[n], k~[—m], i = 1, . . . , N — 1, j = 1, . . . , N, n E 1i and 
m > 0. We also consider a subalgebra Up C Up, generated by the elements Fi[n], 
kj'[m], i = 1, . . . , N — 1, j = 1, . . . , N, n E Z and m > 0, and a subalgebra U'^ C Ue 
generated by the elements Ei[n], k~[—m], i = 1, . . . , N — 1, j = 1, . . . , N, n G Z and 
m > 0. Further, we will be interested in the intersections, 

f/- = n t/,(b-) , f/+ = f/^ n t/,(b+) (2.14) 

and will describe properties of projections to these intersections. 

It was proved in [KPTJ that the subalgebras Uj and Up are coideals with respect 
to Drinfeld coproduct (12.13^ 

A(^)(?7+) c Uq{Q{^) ® f/+ , A(^)(f/7) C UJ ® UqQi^) , 

and the multiplication m in f/g(g[^) induces an isomorphism of vector spaces 

m -.Uj (^U'^ ^Up . 

According to the general theory presented in |EKP] we define projection operators 
P+ : Up C Uq{glj^) Up and : Up C [/^(gl^) — >• Uj by the prescriptions 

P+(/_ /+) = 5(/_) /+, p-(/_ /+) = /_ e{U), 

for any /_ G Uj , /+ G ^ ' ^ 

Denote by t/i;' an extension of the algebra Up formed by linear combinations of 
series, given as infinite sums of monomials a^Jni] ■ ■ ■ aif,[nk] with ni < ■ ■ ■ < rik, and 
Hi + ... + Uk fixed, where ctjjn;] is either Fi^[ni] or k^^[ni]. It was proved in |EKP] that 

(1) the action of the projections (12.151) can be extended to the agebra Up', 

(2) for any f eUp with A(^)(/) = // ® //' we have 
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3 Weight functions 



3.1 Definitions 

This section is based on the paper 

We call a vector v a weight singular vector if it is annihilated by any non-negative 
mode i^if'^]; i = ^1 ■ ■ ■ iN — 1, n>Q and is an eigenvector for kf{z)^ i = 1, . . . , N 

kt{z)-v = \i{z)v, (3.1) 







where Ai{z) is a meromorphic function, decomposed as a power series in z ^. The 
L-operator fl2.10p . acting on a weight singular vector v, becomes upper-triangular 



, i>j 



iz] V 



Xi{z) V , 



(3.2) 



We define a weight function by its comultiplication properties. 

Let n be the set {1, . . . , A^ — 1} of indices of the simple positive roots of gljy A finite 
collection I = {ii, . . . ,in} with a linear ordering ii -<■■■-< in and a 'coloring' map 
t : J — i> n is called an ordered U-multiset. Sometimes, we denote the map l by lj. A 
morphism between two ordered Il-multisets / and J is a map m : I ^ J that respects 
the orderings in I and J and intertwines the maps Li and Lj: Ljm = rruj. In particular, 
any subset /' C / of a Il-ordered multiset has a unique structure of H-ordered multiset, 
such that the inclusion map is a morphism of H-ordered multisets. 

To each Il-ordered multiset I = {ii, . . . ,in} we attach an ordered set of variables 
{ti\i G /} = {tj^, . . . , Each element ik & I and each variable tj^. has its own 'type': 
L{ik) e n. 

Let i and j be elements of some ordered Ll-multiset. Define a rational function 



if iit) = iU) + 1 

if = L{t) + 1 



'j(ti, tj 



u- 


-tj 


qti - 






-qtj 


U- 




qti - 




q-% 


-qtj 


1 , 





(3.3) 



if i{i) = 
otherwise . 



Assume that for any representation V of Uq{Q[j^) with a weight singular vector 
f, and any ordered Il-multiset / = {zi, . . .z„}, there is a \^-valued rational function 
W,/(^ii5 • • • 5^j„) G V depending on the variables {ti\i G /}. We call such a collection 
of rational functions a weight function w, if: 

(a) The rational function, corresponding to the empty set, is equal to v: Wv,0 = v . 

(b) The function wyjiti^^, . . . , tj,J depends only on an isomorphism class of an ordered 
Il-multiset, that is, for any isomorphism f : I J of ordered Il-multisets 



wv,i{tf{ 



wv,j{t. 



'j\j(iJ> 



(3.4) 



•^The definition of the weight function used in this paper differs from that of |KPT] by the reverse 
order of the variables. The definition of the modified weight function is the same. 
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(c) The functions wyj satisfy the following comultiplication property. Let V = 
V\ (8) V2 be a tensor product of two representations with singular vectors fi, 
and weight series {A[^''(m)} and {A[^''('u)}, h = 1,. . .,N. Then for any ordered 
H-multiset / we have 



.(2) 



, (3.5) 



Wvjiti\i(.i) = ^ Wv,J,iti\i^lJ ^Wv.J^itili^l^) ^h,hiti\i&l)Yl 

where 

The summation in fl3.5p runs over all possible decompositions of the set / into a disjoint 
union of two non- intersecting subsets Ji and J2. The structure of ordered H-multiset 
on each subset is induced from that of /. 

Given elements i,j of some ordered multiset define two functions 7(tj,tj) and 
P(ti,tj) by the formulae 



ti tj 



and 



qti - q Hj 
q'Hj - qtj 



q Hi - qtj 



P(tiy tj 



ti tj 



1 



if t{{) = + 1 , 

if i{3) = + 1 , 
otherwise 

if = , 
otherwise . 



(3.7) 



A collection of rational y- valued functions wv,/(ti|jg/), depending on a represen- 
tation V of Uq{Qlj^) with a weight singular vector v, and an ordered H-multiset /, is 
called a modified weight function w, if it satisfies conditions (a), (b) above and the 
condition (c'): 



[c') Let y = Vi ® V2 be a tensor product of two representations with singular vectors 
fi, V2 and weight series {X^\u)} and {A[^^(m)}, b = l,...,iV. Then for any 
multiset I we have 



(3.1 



where 



iG/i, jG/2 i&h, j&h, i<j 
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There is a bijection between weight functions and modified weight functions given 
by the following relations. Let w be a weight function. Then the collection "Wvj{ti\i<zj), 
where 

wy,/(ti|ie/) = u]vj{ti\iei)Y\_P{U,tj) J]^ A,(i)+i(ti) (3.9) 
is a modified weight function. 
3.2 Weight function and projections 

Let / = {ii, . . . , in} and J = {ji, . . . , j„} be two ordered Ll-multisets. Let a : I ^ J 
be an invertible map, which intertwines the coloring maps Lj and tj: ljo = atj, but 
does not necessarily respect the orderings in I and J (that is, o" is a 'permutation' on 
classes of isomorphisms of ordered Ll-multisets). 

Let w{tj\j^j) be a function of the variables tj\j^j. Define a pullback '^'%'(ti|ig/) by 
the rule 

"•^(t^l^e/) =w(t<x(i)|ie/) n 7(ii,^,)- (3.10) 

One may check |KPT] that the pullback operation fl3.10p is compatible with the 
comultiplication rule (13.51) . We call a weight function wv,i(ti\i^i) q- symmetric, if for 
any ordered Ll-multisets / and J and an invertible map a : I —>■ J, intertwining the 
colouring maps, we have 

'^''^'Wv,j(ti\iei) = u)vj(ti\i(zi) . (3.11) 
For any multiset / we define a t/^-valued series VV/(ti|ig7) as the projection 

WiiUUei) = P+ (i^.{.„)(t.Ji^.(.„_o(^*.-i) ■ ■ ■i^.fe)(t.Ji^.(n)(in)) (3.12) 
We call the series W/(tj|jg/) universal weight function. 

Theorem |KPTj . A collection of V-valued functions wvj{ti\i(zi) = W/(tj|ig7) v, 
where V is a Uq{Q[j^) -module with a singular weight vector v, form a q-symmetric 
weight function. 

Let n = {ni,n2, . . . ,nN-2,nN-i} be a set of non-negative integers. Let In, be an 
ordered Ll-multiset, such that its first ni elements have the type 1, the next n2 elements 
have the type 2 and the last un-i elements have the type — 1. Denote by i[n] the 
set of related variables: 

T_ _ \ 4.1 j-1 .j-2 .2 . .4.N-2 .1 +^-1 \ /"iT'?^ 

I^[n] — 1^1) . . . ) ^mi ^1) • ■ ■ ! ^n2i 1 ''1 ! • • • ! ''rajv-2' ''A'-l' ' ' ' ' ^njv-l J ' I,0.i0; 

The variable is of type a. U = for some a, then the variables of the type a are 
absent in the set (13.131) . Denote by yV'^^^{i[n]) the universal weight function associated 
with the set of variables fl3.13p . 

W^-^(%]) = P+(F^-i(C-\)---F^-i(tf-^) ■■■ Fi(4)-.-Fi(ti)). (3.14) 
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For any weight singular vector v let Wy ^{t[n]) = ^(^[n]) v be the related weight 
function and 

^v-\tin]) = /?(%]) n n ^«(^r') ^^"'(%]) (3-15) 
the corresponding modified weight function. Here 

a=l l<l<e<na ^' ^' 

We call the modified weight function fl3.15p off-shell Bethe vector. 

One can see that any Il-ordered multiset is isomorphic to a permutation of some In. 
The g-symmetric property then implies that the series fl3.14p completely describe the 
universal weight function fl3.12p . and of-shell Bethe vectors (13.150 completely describe 
the corresponding modified weight function. 



4 A computation of the universal weight function 

In this section we express the universal weight function W^~^(tn) in generators of 
Ug{glj^), using the definition of the projection operator P"*". Our strategy is as follows. 
Under projection operator in (13.140 we separate all factors Fa{t'l) with a < N — 1 
and apply to this product the ordering procedure of Proposition 14.11 based on the 
property (14.90 . We get under total projection a symmetrization of a sum of terms 
XiP~{yi)P'^{zi) with rational functional coefficients; here each Xi is a monomial on the 
modes of F/v-i(^); and yi, Zi are monomials on the modes of Fa{t) with a < N — 1. 
Then we reorder Xi and P_ {yi) . At this stage composed currents, collected in so called 
strings, appear. The calculation of the projection of strings is a separate problem, 
which is solved by analytical tools. 



4.1 Basic notations 

Let I and f be two collections of nonnegative integers satisfying a set of inequalities 

la<ra, a=l,...,N-l. (4.1) 

Denote by [l,f] a collection of segments which are sets of positive increasing integers 
{/a + 1, . . . , — 1, Ta} including and excluding The length of each segment is 
equal to Ta — la- 

For a given set [f, f] of segments we denote by t[;-fT] the set of variables 

r_ _ r ,1 ,1. ..N-2 N-2.N-1 +^-1 1 ( A 0\ 

^[/,f] — X^h+li ■ ■ ■ 1 ^ni ■■■ 5 ■ ■ ■ ' ''»'iV-2' ^«jv_i+l' • • • ' ''r-JV-iJ ■ v^-^/ 

The number of the variables of the type a is equal to Va — la- In this notation, the 
set of the variables (I3.13P is fn] = t[o,n]. One can consider (14.20 as a list of variables, 
corresponding to the ordered multiset, naturally related to [I, f]. 
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For any a = 1, . . . , — 1 we consider the segment r^] = {/a + 1, . . . , — 1, r^} 
as an ordered multiset {/q + 1 ^ ■ ■ ■ -< — 1 -< r^}, in which all the elements are of 
the type a. The related set of variables is denoted as 

tl,r.] =K+l,---,trJ- (4.3) 

All the variables in fl4.3p have the type a. For the segment [/a5''^a] = [0,'^a] we use the 
shorten notation tf^ ^^j = tf^^j. 

Our basic calculations are performed on a level of formal series attached to certain 
ordered multisets. For the save of space we often write some series as rational homo- 
geneous functions with the following prescription. Let {ti\i G /} = {tj^, . . . , tj^} be 
the ordered set of variables attached to an ordered set / = {ii ^ ^2 ^ ■ ■ ■ ^ in} and 
g{ti\i E I) he a rational function. Then we associate to g{ti\i G /) a Loran series which 
is the expansion of g(ti\i G /) in a region \ti-^ \ <^ lU^l <^ ■ • • ^ |tj„|. If, for instance, 

1^2, then we associate to a rational function a series — X]a:>o '^i^^ With 

this convention to a rational function of the variables t[n] we associate a Taylor series 
on tl/fi with b < c and on t°;/tj with i < j. 

For a collection of variables we consider an ordered product 

•^(%>-])= n ( n ^«(^^")) =^^-i(C-\)---^i(^'j---^i('^u)' (4-4) 

N-l>a>l \ra>i>la J 

where the series Fa(t) = Fa+ia(t) is defined by (12. 7p . As a particular case, we have 
Symbols Yl and Yl mean ordered products of noncommutative entries Aa, 

a a 

such that Aa is on the right (resp., on the left) from for b > a: 

Aa = Aj Aj_^i ■ ■ ■ Aij^i Ai , Aa = Ai Aj+i ■ ■ ■ ^j-i Aj 

j'>a'>i i^c^j 

For collections of positive integers f and I which satisfy inequalities (14. ip we denote 
by 5';-f = 5'rjv-i-«iv-i X ■ ■ ■ X Sr^^i-^ a direct product of the symmetric groups. The group 
Si f naturally acts on functions of the variables t[;-f] by permutations of variables of the 
same type. If a = a^~^ x ■ ■ ■ x E 5;-^, set 

= {^ctJV-1(;^_j+i), • • • , ^a^-i(r-jv_i)' • • • ' ^^1(^1+1)' • • • ' ^U{ri)}- (4-5) 

For a formal series or a function Gitfi) the g-symmetrization means 

s^%>,G(fM)=E n n ]p^^p^(i^'H.n)- (4.6) 

The operation (14. 6 p is well-defined throughout the paper, see |KP] for details. Accord- 
ing to (13. lip we call a formal series G(t[;-f]) g-symmetric if 



N-l 



a=l 
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The g-symmetrization of any series is g-symmetric. 

For a set of segments \l, f] we introduce a third collection of nonnegative integers 
s such that < Sa < Ta — la, a = 1, . . . , N — 1. Each integer Sa divides the segment 
[l,f] into two nonintersecting segments [l,f — s] and [f — s,f]. Recall that we include 
into segment its left edge and exclude the right one. It means that [la,ra — Sa] = 

{la+l,...,ra- Sa-l,ra- Sa} and [ra - Sa, Ta] = {r^ - Sa + 1, • • • , - 1, Va}. 

For a set of the variables tj^f] and a collection of integers s which divide the set of 
segments [f, f] we define a series 



_i / +a+l 



1=1 ra-Sa<i<ra " " 



t1 I t^, 

la + l<t'<ra + l-Sa + l 



Note that this series does not depend on the variables „ , i , . . . , tf^ ^ and 

t}^^-^^, . . . ,tl_^_g_^. If SAr_i = r^v-i then this series does not depend on all variables 
of the type — 1 from the set Also if = la for all a except one value a = j 
then the collection [l,f] of segments contains only one segment of the type j and we 
set the series fl4.8l) equal to 1. 

We call any expression X]j /-'* ' /+'*; where G Uj and f^^ G (normal) 
ordered. Using the property (12.161) of the projections we can present any product (14. 4p 
in a normal ordered form. 

Proposition 4.1 We have an equality 



mA)= E ■■■ E n 



0<SN-i<rN~i—lN~i 0<si<ri—li l<a<N—l ^ ^ ^ 



X Sym P- • P+ (-^(%>-^.-]))) • 



■X 

(4.9) 



Proof. We use the coproduct (I2.13p . The g-symmetrization appears in (14. 9 p due to the 
commuting of the Cartan and simple root currents corresponding to the same type, 
and the series Zgit^if,]) appears due to the relation 

K+liKa + l-Sa+l) ' ' ' ■ ^aiKa) ' ' ' (^"a -Sa + 1 ) = 

= n 1 _ +a / ^"-^^rj ' ' ' ^aiKa-Sa+l) ^ 

ra-Sa<i<ra ^ ' ^ ^' 

la + \<t' <ra + \-Sa+\ 

which has to be used in order to apply the operator P^ in the right hand side of (14.91) . 
4.2 Composed currents and strings 

Following |DKt IKP] . we introduce composed currents Fj,i{t) for i < j. The composed 
currents for nontwisted quantum affine algebras were defined in |DK] . The series 
Fi+i,i(t), i = 1,...N - 1, coincides with Fi{t), cf. ([22]). According to [DK], the 
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coefficients of the series Fj^i(t) belong to the completion Up of the algebra Up, see 

Section O _ 

The completion Up determines analyticity properties of products of currents (and 
coincide with analytical properties of their matrix coefficients for highest weight rep- 
resentations). One can show that for \i — j\ > 1, the product Fi{t)Fj{w) is an ex- 
pansion of a function analytic at t ^ 0, w 0. The situation is more delicate for 
j = i,i ± 1. The products Fi(t)Fi{w) and Fi(t)Fi^i{w) are expansions of analytic 
functions at \w\ < \q'^t\, while the product Fi{t)Fi-i{w) is an expansion of an analytic 
function at \w\ < \t\. Moreover, the only singularity of the corresponding functions in 
the whole region t 7^ 0, w 7^ 0, are simple poles at the respective hyperplanes, w = qH 
for j = i,i + 1, and w = t for j = i — 1. 

The definition of the composed currents may be written in analytical form 

Fj,i{t) = - resFj,,(t)F„,,H— = res — (4.10) 

w=t ID w=t lu 

for any a = i + 1, . . . , j — 1. It is equivalent to the relation 

dw f q^^ — qt/w dw 



^ / N /" ^ / N ^ / N dw f q — qt/w „ , , „ , . dw 

F,,{t) = j Fat)Fa,iH —~f Fa,i{w)F,,a{t) — 

F,,(t) = <l>FUw)FaAt) — - i F^At)FU^) — 

J w J 1 - w/t w 



(4.11) 



In (j4.1ip § ^g{w) = go for any formal series g{w) = Y.n&9nZ 

Using the relations (12.81) on Fi{t) we can calculate the residues in fl4.10p and obtain 
the following expressions for Fj^i(t), i < j: 

FjAi) = iQ- q-y-'~'F,it)F,+,it) ■ ■ ■F,_i(t) . (4.12) 

For example, Fj+i_j(t) = Fi(t), and -Fi+2,j(^) = {q — q^^)Fi{t)Fi^i(t). The last product 
is well-defined according to the analyticity properties of the product Fi(t)Fi+i{w), 
described above. In a similar way, one can show inductively that the product in the 
right hand side of (14.121) makes sense for any i < j. Formulas (14.121) prove that the 
defining relations for the composed currents (14.101) or (14.111) yields the same answers 
for all possible values i < a < j. 

Calculating formal integrals in (14. lip we obtain the following presentation for the 
composed currents: 

= Fj,ait)FaAO] - qFaAO]FUt) + (q - q-') J2 ^'^•^ W ' (4- 13) 

A:<0 

F,,{t) = F,,MFa,{t) - q''FaMFj,am + - Yl W ^^'-'-M ' (^-l^) 

A:>0 

which is useful for the calculation of their projections. 

The analytical properties of the products of the composed currents, used in the 
paper, are presented in Appendix Rl 
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For two sets of variables {ui, ...,Uk} and {vi, ...,Vk} we introduce the series 

k ^ k _i / 



, 1 VfYi Urn , , . 1 '^m' '^m 
m=l m'=m+l { A T 

k -. m— 1 — 1 / 

_ -j-j- 1 J-j- q - q Vm/Um' 

m=l m'=l 

Consider again a collection of segments [f, f] and associated set of variables i^i^y 
Let j = max(a) such that rb = If, for b = a + 1, . . . , N — 1. Let s be a set of nonnegative 
integers, which besides the inequalities 

0<Sa<ra-la, a = l,...,j (4.16) 

satisfies the following admissibility conditions 

= So < Si < S2 . . . < < Sj = Tj — Ij. (4-17) 

Having the set s which satisfy both restrictions (14.161) and (14.171) we define a series 
depending on the set of the variables t[f_s,f]: 

i-i 

X{ilr_s,f]) = Yl ^(Ka + l-Sa + l+Sa^ " " " ' ^a + l- Sa + l+l'^ " " " ' C^S. + l) (4-18) 

a=l 

When J = 1 we set X(-) = 1. 

Define a special ordered product of the composed currents, which we call a string: 

•^^(^1.^.])= n f n • (4-19) 

The string (14. 19p depends only on the variables {tj.^i, ■ ■ ■ ^H^} of the type j, correspond- 
ing to the segment [/j, Tj]. The set of nonnegative integers s satisfying the admissibility 
condition (I4.17P divides the segment [lj,rj] into j subsegments [Ij + Sa~i,lj + Sa\ for 
a = 1, . . . , j. This division defines the product of the composed currents in the string 
dEH]). 

Besides the product (I4.19P which we called the string we consider the inverse ordered 
product of the same composed currents which we call the inverse string 

•^^(^1..])= n ( n F^^^M)] ■ (4.20) 

l<a<i \lj+Sa-l<i<lj+Sa J 

The inverse string satisfies analytical properties formulated in Appendix |X] which allows 
to calculate the projection of the direct and inverse string. 
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4.3 Recurrence relation 



Let n be the set of nonnegative integers n = {rii, . . . , riiv-i}- We claim that the 
projection (13.141) satisfies the recurrence relation given by the following 

Proposition 4.2 



Af-l 



^ fj^ {Sa - Sa-\)\{na - So) 



■X 



(4.21) 



X Sym (Z,(t[^]) ■ X(t[^_,-^]) • P+ (^f "'(tf^^i,])) • >V^-2(%_,]) 



•where the sum is taken over all collections s = {si, S2, ■ ■ ■ , Stv-i}, such that = Sq < 
Si < S2 ■ ■ . < S]\f^2 < sn^i = rijv-i and < Sa < ria, a = 1, . . . , N — 2. 

Due to the restriction stv-i = JT-at-i and definition (14.81) . the series Zg^^n]) depends 
only on the variables with type — 1 missing. The same restriction implies that the 
set i[n-s] does not contain variables of the type — 1 and an element W^~^(t[n-5]) 
is a universal weight function for the algebra Uq{Qlj^_i). This fact allows to iterate 
the recurrence relation (I4.2ip and reduce the universal weight function (I3.14p to the 
g-symmetrization of the product of projection of strings. This will be done in the next 
section. 

Proof of Proposition \4-S\ The proof of the recurrence relation (14.211) follows the 
strategy of calculation of the universal weight function which was described in the 
introductory part to the Section HI 

Set n' = {rii, . . . , ?T,7v-2, 0}. We have a decomposition J^(t[n]) = ^{'^[^^^ ^])^i't[n']) 
where the first term only contains the variables of the type — 1, and the last term 
does not contain the variables of the type — 1 



We apply to the product J^(t[nf]) the ordering procedure of Proposition 14. II and substi- 
tute the result into (13.141) : 



N-2 



SjV-2, 1=1 l^-^^J 

The sum is taken over all nonnegative integers {si, . . . , SAr_2} such that Sa < ria, 
a = 1, . . . , N — 2] s' means the collection {si, . . . , SAr_2, 0} and g-symmetrization is 
performed over the variables t\. 
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Lemma 4.3 For any n = {ni, . . . , n7v-i}, s = {si, . . . , sat.i} such that all Sa < Ua 
for a = 1, . . . , N — 2 and Sjv-i = ''^at-i we have 

1 ^-1 1 , , (4.23) 



if Si < S2 < ■ ■ ■ < Sn-i; otherwise the projection in ^4-^3 ) is equal to zero. 



In f l4.23p we follow the above notations n' = {ni, . . . , nN-2, 0}, s' = {si, . . . , sn-2, 0}. 
The series X{^n_sfi]) is defined in (14.181) . The proof of Lemma is given in the end of 
this section. 

Substitute into (g^D- By definition (USD the series Zs,{t[n']) = ^5(%]) is 

symmetric with respect to permutations of the variables t[fi_s,fi] of the same tj^e, and 
the universal weie: ht function W^-^{t[n'-s']) = W^-^{t[n-s]) does now depend on the 
variables t[n-s,n]- We can so include the series Zs{i[n]) and yV^~^{i[n-s]) inside the q- 
symmetrization Sym (■) and replace the double symmetrization by a single one, 
using (14. 7p : 

N-2 

^ V, ■ ) = n ^ ■ ) 

a=l 

Proposition 14.21 is proved. □ 

Proof of Lemma \4-3\ For any j = 1, — 1 denote by Uj the subalgebra of Uf 
formed by the modes of Fi(t),. . . ,Fj(t). Let f/? = Uj fl Kere be the corresponding 
augmentation ideal. 

We claim first that the projection P (jF(t[jj/_g/ ^j/])) can be presented as 

W - I 1 X{t[n'-s',n'lJ / ^N-2(tN-2 ^ 



■[n'-s'A'] \ Y['^~'^{s +1 — S )! ^ [n]v_2-sjv-2,niv-2]'y I 24) 

mod P' (f/^_3) • t/jv-i 

if admissibility conditions < Si < S2 < ■ ■ ■ < s^r-s < SAr_2 are satisfied and is zero 
modulo P~ [Uff_^) ■ Un-i otherwise. 

This can be shown by iteratively using Proposition IC.3[ proved in AppendixO Due 
to fl27[5|) and fl236D we have P-(/i ■ /s) = P-(/i • P"(/2)) for any elements /i, /2 G Uf. 
Thus we can present the projection P~ (jF(t[^/_5;_^,])) as 

^P-( n •^(^V^.,nJ-^(%2-.2,n2])- (^^i^ (4.25) 



Si 



KN-2>a>3 



We now apply (IC.IOP with j = 2 to the last two terms of (I4.25p . and under condition 
Si < 52 replace them by 

^^"^ *r.(2)_.(2) ,(2), (^(V2)-S(2),s(2)])^5(2)(t[„2_,2,„2])) = 



rr Sym p. n (Y{tl . . . ,tl ^^^i;tl , . . . ,tl ^^^j^) (4.26) 

- Sljl ["2-^2, "21 V ^^li ^ A I 1 111 

X -^32(in2) ■ ■ ■-^32(i^n2-S2+si+l)-^3l(^^2-^*2+si) ' ' ' "^31 (^^^2-52+1^ 
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modulo P~ (Uf) ■ 1/2- Here we use the notation n^"^^ = {ni,n2,0, . . • , 0} and s*^^-* = 
{si, S2, 0, . . . , 0}. If S2 < Si, the last two terms in (14.251) are zero modulo P~ (Uf) ■ U2- 
Due to the commutativity [Fa(t) , Fi(t')] = for a > 3 we can move the elements of 
P~ (t/f) to the left through the first product na>3 -^(^k-s^ n^,]) then out of the 
projection P~ , since P^{P^{f') ■ f) = P^{f') ■ P~{f). These terms are absorbed into 
P- {Uf,_,) ■ Un-1 in g21. 

Going further, we replace the appearing string J-'?(2)(J^n2-s2 n2]) projection P~ 

and apply Proposition IC.3I to the product 

J^(t[„3_,3,„3]) ■ Sym (^(%(2)-s-(2),s(2)])^" (^g{2) (tf^^ .na] ) ) ) " 

In the notation n^^^ = {ni, ^2, 71,3, 0, . . . , 0} and s^^^ = {si, S2, S3, 0, . . . , 0}, and the 
assumption S2 < S3 this product is replaced by 

modulo elements of P^ (f/|) ■t/3, which are again moved to the left out of the projection 
and are absorbed into P (f/^_3) • Un-i in Finally we get (OI]) . 

For the calculation of the projection P+ ^jF(t^^^^j)P^ [j-'(t[n'^s',n']))^ we replace 

the second factor by fl4.24p . Elements of P~ (f/^f-s) 'Un~i do not contribute, since any 

element of f/Ar_3 commutes with modes of F/v-i(t): P'^ {^{t^^ ^-^-P^ (f/^_3)-f/Ar_ij = 

. Thus we are rest to calculate (we set Sq = 0) 

N-2 

TT 7 S}^ t pH Xiiw-s' n'l)^(tT~' 1)^" { -^f "'(^T'' S)\ 

11 {g^_g^ ^ *[7V-s',n'] \ ^ I" S,n\) \ \n!q^x\' \ S ^ [nM-2-SN-2,nN-2\' J J 

Due to Proposition IC.3I the latter expression is non-zero only iff Sjv_2 ^ '^Af-i and is 
equal to the right hand side of (14.231) . □ 



4.4 Iteration of the recurrence relation 

Let [[s]] = {si, 1 < < j} be a triangular matrix with nonnegative integer coefficients. 
We say that the matrix [[s]] is n-admissible, and denote this by the symbol [[s]] ^ n, 
if it does not increase in the lines and its sum over the columns is n: 



N-l 
b=a 



N-l. 



(4.27) 



We also follow the convention Sq 



'1 
'1 



s2 
■'2 



.,N-2 



^2 



for j = 1,...,A^ 

\ 





,7V-2 
''N-2 

..N-l 
^N-2 



.N- 



I J 








1. 



sl<s\ 



<sl<sl 



'0 



< s 



N-2 
N-2 



< S 



N-l 
N-l 



(4.28) 
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Let s-^, J = 1, . . . , — 1 be the j-th line of the admissible matrix [[s]]. Define a 
collection of vectors 

p(sy = + + ■ ■ ■ + + , j = l,...,N-l (4.29) 

with non-negative integer components. Set p{s)^ = 0. Note that according to admis- 
sibility condition (14.27^ p{sY = n. 

The iteration of the recurrence relations (14.211) gives the following 



Theorem 1 The weight function Ili3.14\ l can be presented as a total q-symmetrization 



of the sum over all n admissible matrices [[s]] of the ordered products of the projections 
of strings with rational coefficients: 

/N-l b 

N-l N-l < — , \ \ 

j=3 j=2 N-l>j>l ^ ' ^ / 



The rational series in (I4.30p may be gathered into a single multi-variable series. Set 

Af-l N-l 
-2^[[s]](%]) = Y\. ^sj(t[fi-p{sy+^]) Y\_ ^ (J[n-p{sy ,n-p{s)j+^]) = 



i=3 j=2 

, . . (4.31) 

/+a+l 



N-lb-1 si ^+na+i-pi+i-l i.a /j.a+1 

nTjf] I TT g g h+na-p^/h' 

1111 1 _ fa ua+1 11 1 _ y-a 

b=2a=ll=l'- l^+ria-pll t+ria+i-pl+i l'=l l+na-pV f-' 

where are components of the vector p{s)^. Using (14.311) the formula for the universal 
weight function (14.301) can be written in a compact form: 

Theorem [1] reduces the calculation of the universal weight function to the calculation 
of the projections of the strings. 

4.5 Projection of composed currents and strings 

Let A be the standard comultiplication in Uq{glj^) defined by (12. 5p . For any elements 
x,y & Uq{glj^) we define the adjoint action by the relation 

ada; y = a{x'i) ■ y ■ x'l , where Ax = %[ ® x'l (4.33) 

and a{x) is an antipode map related to the comultiplication (12. 5p . By screening oper- 
ators we understand the operators of the adjoint actions of zero modes Fii^)'- 

{y) = adp^,[o] {y) = y F,[0] - F,[0] A;-+\fc, y k-%+, (4.34) 

where ki are zero modes of kf{t): ki = k^[0] = k^[0]^^. 
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Proposition 4.4 For any i-, j , 1 < i < j < N we have the equalities 

Proof. Taking (14.131) for a = i + 1 and using the definition of the projection P+ we 
obtain 

P+ = 5,(P+(F,,+i(t))) , i<3-l. (4.36) 

The first equality of Proposition follows from (14.361) by induction. One should take 
into account the commutativity of the projections and screening operators proved in 
[KP] . Then we apply fl^TT^ . □ 
An analog of Proposition 14.41 for P~ (Pj+i^j(M)) is given in Appendix B. 

For a set . . . , m„} of formal variables we introduce a set of the rational functions 
satisfying the normalization conditions (pum{us] ui, . . . , Un) = 5ms- We set 

n 

Pj+l,i(M;Ml, . . . ,Mn) = Pj+l,i(M) - ^V^„^(m;Mi, ...,Mn)Pj+l,i(Mm) (4.38) 

for 1 < z < j < iV. By f l^BSj) we have 

P+ (Pjj+i(M; Ml, ... , M„)) = SiSi+i ■ ■ ■ Sj-i {Fj{uY^^) - 

n 

- ^u^{u; Ml, ... , Un)SiSi+i ■ ■ ■ Sj-i {Fj{UmY^^) 



(4.39) 



m=l 



Proposition 14.51 below and the relation (I4.39p suggest a factorized form for the projec- 
tion of the inverse string ^^^(S , ,). 

Proposition 4.5 

i^^^kr,]^ = n f n {^^^lAtl; ti+i, . . . , tu) ) . (4.40) 

Proof of Proposition (I4.40p is shifted to the Appendix [Bl 

Projections of the string (I4.19P and of the inverse string (I4.20p are related, namely 

13 j 3 3 • ^^'^^^ 

^ TT g - g ^i^j'A^ TT j TT 1 - tl,/t\ 

11 '\_fj/fj J-l I 11 - nf^ /f^ 

ii<e<e'<ri ^ ^I'l^i i<a<j \ij+sa-i<e<e'<h+sa^ q^el^e 
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This statement is the direct consequence of the relations between composed currents 
given by Proposition lA.li For the details see [KPj . 
The particular case of basic relations fl2.8p , 

implies the following relation for the projections: 

kt{t')P^ {F,,-i{t)) klit')-' = ^~5^'^yV + (F,,_i(t; t')) , (4.42) 
and in general 

n n " _ -1+/+ 

n kiiQp-^ {F,,-M) n ktiQ-' = n \i,f, (^.,.-1(^5 • • • ' ^n)) . 

a=l ^ ^1^'' 



a=l a=l 



(4.43) 



Applying a sequence of the screening operators Si - ■ ■ Sj-2 to f l4.43p we obtain 

n n n — Ij. /j. 

n fc;(ta) ■ p+ (F,.(t)) ■ n ^;(ia)-^ = n '^iitn ^^ • • • ' ^-^^ ^^-^^^ 

a=l a=l a=l ' " 

due to the commutativity of any of zero modes Fi[0], . . . , Fj_i[0] with kj^^^iit). We 
rewrite the relation fl4.44p in the form 

P+ (F,,(t; kHQ = n _ iLl n (^'^) • P^ (^^-.^W) • (4.45) 

a=l a=l ^ <? V^a ^^-^ 

Using fl4.45p and (14.4 ip we rewrite the relation (I4.40p and its analog for the string 
(I4.19P in the following form: 



(4.46) 

n ^^Me n ( n 



lj<e<e'<rj ^ ^ "^'Z l<a<'j \lj+Sa-i<e<lj+Sa 



(^('i..i)) n >=UM) = n n z^f^ 

e=u+i i<a<j \L+sa-i<e<e'<ij+sa^ y-f'/'-^ 



X 

(4.47) 
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5 Weight function and L-operators 

5.1 From Gauss coordinates to L-operator's entries 

The results of the previous section show that the projection of the string multiphed by 
certain number of k'j'^^ij.l) can be factorized in such a way that each factor is a product 
of projection of the composed currents and of some In this section we use this 

observation and express the weight functions via matrix elements of L-operators (12.101) . 
First, we relate projection of composed currents with Gauss coordinates of L-operators. 
This is given by the following 

Proposition 5.1 We have for any i < j — 1 

p^iFjAt)) = {q - Q-y-'-'n.(t) ■ (5-1) 

Proof. We use the equality 

{q - g'^)F+ (t) = (Fj+iW) , ^<J-l. (5.2) 

It is proved in [KPTj and is a direct consequence of the relations (12.41) taken for 
the modes of L-operators. The claim of Proposition now follows by induction from 
Proposition 14.41 and relation (12.121) . □ 

Let V be Uq{glj^^)-modn\e with a weight singular vector v. The relation (I4.47P and 
Proposition 15.11 allows to rewrite the corollary (I4.32p to Theorem [1] in the following 
form: 

((n — n~^)^b=i^^"-b-sl) — / — ' 

1(n\\ _ , n n 
iia<b\^a -^a-l)- N ~^l>b>l \l<a<b 

X n \K,.,ait'.)kut'.) n ,ir_'L ) ) n ] - 

(5.3) 

where the series Z[[s]](t[n]) is given by (I4.3ip . 

For any c = 1, . . . , denote by Ic the left ideal of f/g(b+), generated by the modes 
of Ej'^j(M) with i > j > c. We have inclusions = In C In-i C ■ ■ ■ C /i. 

Lemma 5.2 Fix any c = 1, . . . , N — 1. Then 

(i) the left ideal Ic is generated by modes of L^j (m) with i > j > c; 

(a) for any a and b with a < b and b > c we have equalities 

Kti^) = F+,(t)fc+(t) mod L+ (t) = fc+(t) mod J„ (5.4) 

(Hi) for any a < c and b > c the modes of L+^(t) and of L^{,(t) normalize the ideal 

Ic- 

/,-L+,(t)c/e /.■L+(t)cJe. (5.5) 
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Proof. We have three types of relations (15. ip : 

Ktit) = Kait)Kit)+ E F+,(t)fc+(t)E+„(t), a<b, (5.6) 

b<m<N 

K,,it) = Kit) + Yl K,i>mimtmit): (5.7) 

b<m<N 

KAt) = ^amtait)+ E K,ait)&)EtJt), a>b. (5.8) 



a<m<N 



Denote E+j(u) = fe+(t)E+j(t) and Ffj{u) = F+ (t)/c+(t) for i > j. In these notations 
the relation (15.81) looks as 

Kb(t)=Kait)+ E F+„(t)E+„(t), a>6. (5.9) 

a<m<A'' 

Since k'^it) is invertible, the ideal Ic is generated by the modes of E^j(M) with i > j > c 
as well. Now we inverse the relations (15. 9p . that is we write E^jy(t) = L~}^j{t) for j < A^; 
then E^^_-,^(t) = L'j^_^j{t) — F~j^ j^_^{t)L~j^ j{t) ioi j < N — 1 and so on by induction. 
This proves (i). In the same manner we rewrite first (15.61) and (I5.7P in Ffj{u), E^-{u) 
and /i;j^(t) and prove by induction that L^^(t) = F^^(t) mod Ic and Lj|"j,(t) = k^{t) 
mod Ic for b > c and a < b, which means (ii). 

The statement (iii) is a corollary of the Yang-Baxter relations (12. 2p . Let R.ij-ki{u, v) 
be the matrix elements of the i?-matrix (12. ip . We have for a < c < k and for a < c < 
j < i: 

i^U^Kcit) = ^H74Lt(t)L^,,(.) - p^^M^nM 

+ pl^Ltcit)LUu). 

These relations precisely mean the inclusion Ic ■ L^g(t) C Ic- The second part of (iii) is 
proved in an analogous manner and is actually well known. □ 

Theorem 2 For any Uq{glj^) module V with a weight singular vector v we have 
wy (t[n]) = /5(t[n]) Sym .-^^ b _ b ^, ^mMn])y< 

(5.10) 



n:<.(^^-^ti)' 



+b _+b \ \ "fc 



n n n khM^ n d& n ^t,.,»(A) 

N^l>b>l\l<a<bi=sb__^+l \ £'=£+1^ ^ ^'y y 



V 



Observe that non-commutative products over b and a run in the opposite directions 
and the ordering in the product over I is not important now, because of commutativity 
of the matrix elements of L-operators with the same matrix indices. 
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Proof. The theorem states that in (15. 3p we can replace each entry of F^^(t) = 
F'l^(t)k'^(t) by L^^(t) and each entry of k^(t) in the last product of (15. 3p by L^^(t). 
This is done with a help of Lemma 15.21 Indeed, we can present the right hand side of 
(15.31) as a linear combination of terms 



A^A^-'...A^B,v, 



where each is an ordered product of some is a product of some 

hity^). We start from Af . Here we have F+ ^(t) = L+jv(t) by dES]). By the statement 
(ii) of Lemma [52] each multiplier of A^~^ can be written as L^^_^(tj^~^) +Xj for some 
a < N — 1^ parameter t^~'^ and Xj E In~i- Due to the part (iii) of Lemma 15.21 
we can rewrite the whole product in Af~^ as Ylj^XN-ii^f'"^) + Un-i with a single 
Un-i G Moving further, we replace the product AfA^~^ ■ ■ ■ A^Bi by 

{AfA^-'...A^ + y,)B,v, (5.11) 

where each A^ equals to A^ with all F+^(t) replaced by L+^(t), and y2 ^ h C h. 
We apply finally the last part of Lemma 15.21 (iii) and replace (15. lip by the product 
AfAf-^ ■ ■ ■ AjBiV, where Bi consists of L+ (t^-^) only. This proves the theorem. □ 

We can slightly simplify the formula (I5.10p by a renormalization of g-symmetri- 
zation (see |TV2] ) . We set for a series or function G{i[n]): 

G(%]) = /?(%]) {Git^n])) . (5.12) 

Let G'^^™(ui, . . . , Un) be any symmetric function of n variables u^, that is G"^^™('^u) = 
G^^^{u) for any element a from the symmetric group S'„. Let l3{u) = nfc<fc' '^^i-u^ji^!'' ' 
One can check the following property of renormalized g-symmetrization: 

- f (/3(^)-iG^^-(n)) =-\-^f {G^y^iu)) , (5.13) 
n! [n\q\ 

where [n]g = ^f^, and [n]g\ = [n]q[n - l]g ■ ■ ■ [2] Jl]^. 

We can apply the relation (I5.13P to the right hand side of (I5.10p because in this 
formula inside the total g-symmetrization there is a symmetric series in the sets of 
variables {t^} for s^_^ + 1 < i < s'^, a = 1, . . . ,b and b = 1, . . . , N — 1. This follows 
from the commutativity of matrix elements of L-operators [L^j,(t), L^jj(t')] = 0, and 
from the explicit form of the series (I4.3ip . Restoring this series and denoting = 
Ua — Pa = s'^ + ■ ■ ■ + s'^aT^ formulatc the following corollary of Theorem [2] 

Corollary 5.3 The off-shell Bethe vectors for quantum affine algebra f/q(gl^) can be 
written as 




„<6 i^a '^a-Wq- 



X 



X 



nnn , n \\,^» ("4) 
n fn f n 



Af-l>6>l \l<a<6 
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Expression fl5.14p for the off-shell Bethe vectors expressed in terms of matrix ele- 
ments of L-operators can be written as the recurrence relation 



N-2 



q ^Y"" 



^iV-i 1*1 IQ- a=l I a+l Jg-l'^a \q- 



^y^tn \^ihn-sN-ifi]) ZsN-l{tln])Y\_ JI ^a+l{te), (5.15) 



N-2 



"=1 f = „,-s^-i+l 



X n n KNitD I 



where summation in flS.lSp runs over first row of the admissible matrix [[s]]. The vector 
valued function Wy~^(t[^_jjv-i]) is the off-shell Bethe vector for the algebra Uq{glj^_i) 

embedded into Uq{Qlj^). This embedding : Uq{gljsf_i) ^ f/g(g[^) can be described on 
the level of Gauss coordinates of the corresponding L-operators: 



{khtY''-'^) = kHtY""^ , l<a<b<N-l. 



(5.16) 



Here F^^(t)^^ etc., denote Gauss coordinates of the source Uq{Qlj^_i) while F^^(t)^^^ 
etc., the Gauss coordinate of the target Uq{Qij^). 



5.2 Evaluation homomorphism 

The quantum affine algebra [/^(gl^) contains a quantum group Uq{glj^). It is gener- 
ated by the zero modes of L-operators (I2.10p . Using them, we introduce Cartan-Weyl 
generators Eab, I < a,b < N oi Uq{glj^). We set L='= = L^[0], and 



/ E 



L+ = KL^ 



11 



E22 

■-. 



\ f 1 

uEi2 1 



-NN J 



\ 



(5.17) 



/ 1 -z/E 
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V 



-7V1 

1 —i^En^n-i 

1 



\ 



E22' 



v 



E"^ 



(5.18) 



where v = q — q ^. Generators E^a, Ea^a+i and E^+i „ may be considered as Chevalley 
generators of Uq{Q\^) with commutation relations 



E Ef, E"-^ = a^<^b~Sacc 



be ■ 



ba a+i, bfc+i 6 = bab \ , (5.19) 

1 
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The rest of Eab may be constructed from these Chevalley generators as follows 

(5.21) 



Ea,c = Ea,feEfc_c - g"^Eb_cEa,fe , a <b < c. 



Using generators E^^ we define an evaluation homomorphism: 

(L+(m)) =L+- - L", ^t;jL^(M)) = L- - - L+. (5.22) 

u z 

One can check that the relations (15.191) and (15.211) follow from (12. 4p . 

Let Ma be a f/g(0[^)-module generated by a vector t>, satisfying the conditions 
Ea,a "f^ = V and Ea,?, f = for a < 6. Then f is a singular weight vector of the 
evaluation Uq{Ql^) module Mx{z). Taking into account a reordering of the factors 

iV-2 N-2 b-1 

n n Vi(^')= nnn^'^+i(^^+p^) (^.23) 

b=l e=sl+l b=2 a=l e=i 

we can present the off-shell Bethe vector in Mx(z) as 



w 



{q — q i)S^=i^n<> 



n ( n (^E,+i,.E-i,^J^-^"-)Ux (5.24) 



iV-l>fe>l \ l<a<b 

6 

(9) / TT TT TT ' ~ ' " TT ^ 



T- ^ ''<;+pfe ^ ^ TT- V V 

L ml 1 _ f a 11 1 — y-a /y-^'+i 

2a=lf=l ^ l>=\ ^l+vV^(-' 



nnn 1 r,;.. n 

where = + ■ ■ ■ + s^""*^ 



6 Relation to Tarasov-Varchenko construction 

The original inductive construction of nested Bethe vectors of [KRj was then developed 
in |TVlj . where these vectors were defined as certain matrix elements of monodromy 
operators (see below). In [KPTj a conjecture about the coincidence of the construction 
from [TVlj and those used in the present paper was stated. Recently, Tarasov and 
Varchenko managed to calculate nested Bethe vectors in evaluation modules |TV2] . In 
this section we use the results of [TV2] to prove a variant of the conjecture of |KPT] . 

The i?-matrix, used in |TV2j differs from (12.11) . To achieve a compatibility of the 
results, we slightly modify our construction. Let 7^ G ?7g(b^) ® \Jq{b~^ be the universal 
i?-matrix of Uq{^\^^ (with droped factor g-(c'X>rf+rfix>c)/2-j^ universal i?-matrix 
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of the Hopf subalgebra ?7g(g[^), described in the previous section. Define G [/^(gt^) 
by the relation g"^* = En. Define the reduced i?-matrix TZq of f/g(gl^) by the relation 

Then TZ^^ is a two-cocycle with respect to comultiplication A. For any x G Uq{glj^) we 
set A{x) = (JZl^)'^ A{x)'R.l^ . The universal _R-matrix TZ for the comultiplication A is 
is an element of Uq{b~^) Uq{b ), where the new Borel subalgebras 
Uq{b^) and f/g(b~) are determined by L-operators Ij^{z) = (tt^z) (g) 1){R'^^)^^) and 
L~{z) = {'n'{z) ® 1)(-R). Here n{z) is a vector representation of Uq{gl^) evaluated at 
the point z. We have by the construction 



(z) = (Lo)-'l±(z)(L+)-\ (6.1) 



where L^(2;) are L-operators of Section [2l2l and are given by the relations f l5.17p 
and (15.181) . The L-operators L^(z) satisfy the Yang-Baxter relations with i?- matrix 
(16.21) . initial conditions (16. 3p and comultiplication rule (16. 4p : 



^-^ qu — q~^v 

\<i<N ^ ^ l<i<j<N 

qu-q~^v ^ 

i<i<j<N 



Lj[0] = L-[0] = 0, L+ [0]L^JO] = 1, l<^<J<N, l<k<N, (6.3) 

Let 

(N N \ ^ / N N \ 

Y.^^^ + Y1 ■ E ■ E + E E£(^)E,. . (6.5) 

i=l i<j / i=l Vj=l i<j / 

be the Gauss decomposition of L^{z). We have the following connection to the current 
realization of Uq{glj^f): 

E,{z) = E+^,{z) - %^,{z) , F,{z) = F+ i,(^) - Fr^i,(^) , (6.6) 

= E.i^Y^^ , FtU^) = z {z-'F,{z)Y^^ . (6.7) 

Besides, the correspondence (16.11) imply the relations 

E±+,(z) = Ef^,^,iz) - E,[0], Ff^,^,iz) = F±^,(z) + ^,[0]. (6.8) 

We have the new decomposition Up = UjUp, where Uj = Up \~\ Uq{b^) , and Up = 
Up f^Uq{b~^) , and the new projections P+ : Up — > Up and P~ : Up — > Uj defined as 

P+(/_ /+)=£(/_)/+, P-{f. U) = f.e{U), f-eUj, Ueilt- (6.9) 
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For any Il-ordered multiset / we set 

WiiUU^i) = P+ {F,^^„){UJF,^^„_,){U„,,) ■ ■ . (6.10) 

A small modification of arguments of [KPTj shows that a collection of V^-valued func- 
tions wv,i(ti\iei) = y^i(ti\i£i) V 1 where is a ?7q(g[^) -module with a singular weight 
vector f , form a g-symmetric weight function, that is, satisfy the setting of Section [STT] 
with respect to the comultiplication A. 

Denote by W^~^{t[n]) the universal weight function associated with the set of vari- 
ables dsn. 

W^-^(tl,]) = P+(F^_i(C_\)-.-F^_i(tf-^) ■■■ (6.11) 

and by w^-^(%]) = nf=2 ]Xf.=i ^aitf^) W^-^{t^n])v the related modified weight 
function, associated with a weight singular vector t> of a Uq^Ql^YmodvXe V . 

Set Y{ It; f) — rim=i ^7^^(^i^)' where the series Y{u\v) is defined by fl4. 15p and 
let X(t[^-r,f]) be the series defined by (14.181) with Y{-) replaced by Y{-). The first step 
of the calculation of recurrence relation for (16. lip , as well as the definition of strings 
is unchanged. The difference appears during the calculation of the projection (14.230 . 
This difference results that the series X{t^n_s^n^) in (14.210 is replaced by X{t^n_s^fi^) and 
the recurrence relation for (16. lip takes the form 



X Sym {zS[n]) ■ X{i[n-m) " (-^f .])) " W^"'(%-.l)) • 

The iteration of this relation yields an analog of Theorem [1] 

where 

%]](%])= 11 11 11 7—^ 77^+^ 11 ^ 77^ 

and = -|- ■ ■ ■ + s^^^. An analog of Proposition 15.11 

P+ (F,,(t)) = (g - q-'y-^-'Yl^t) , 2 < j - 1 . 
allows to rewrite (I6.12p in Gauss coordinates of L-operator L^(t): 

_ _ (u- g-i)E£ri'K-^D . 

Wy {t\n]) = /3(t[n]) Sym .-^^ ^ ^ ^— - ^[[s]](t[n])x 



a+1 



Y[a<b i^a ^a-lj 



n n n n n ^^.c^ 

Ar_l>b>l yi<a<fe£=s6_^+l \ i'=£+l^ ^ ' ) ) ^=4+1 



V. 
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The arguments for the derivation of an analog of Theorem [2] and Corollary 15.31 are 
unchanged. We get finally the following expression for the modified weight function: 



N-l 



1 



a<b ^^'^ ^a-l\g- 



X 



=6 



X 



nnnr 



N-l 6-1 4 , /t"^^ 

If 

b=2 a=l 1=1 ' ^S.+fPJ^ 



a + l 



a+1 



n ^ 



4 - f^^Jtf 



j-a Z+'^+l 



(6.13) 



"6 



X n n n n 

Ar-l>fe>l \l<a<b y^=sb_^+i j e-sb+l 

The embedded algebra Uqi^Qij^) is given again by zero modes of L-operators. We set 
L± = L±[0]. Due to dHl]), we have L+ = (Lq )~iK and = K-i(L+)-^ Introduce 
generators Ej ^ of f/g(0t7v) by the relations 



/ 1 z/E 



21 



-7V1 

1 i^Ejv^jv-1 

1 



/ E 



11 



E22 

■•• 



V 



Eatat / 



/ E ' 



11 



E2I' 



V 



IN 



-Z/E 



N-l,N 



1 / 



In particular, Eij = Ej^ if |z — j| < 1, so the Chevalley generators E^^a, E^^a+i and Ea+i^a 
satisfy the same relations (15.191) and (15.201) with different rules for the composed roots 
generators 



Ec,a Eg ;,E^ (J Q E^ (jEfj^fe , 

Ea,c = ^a,b^b,c - q^b,c^a,b , a <b <C. 



Define the evaluation homomorphism of the algebra Uq{Q[j^) to Uq{Qijsi) as in (15.221) : 

(l+(m)) = L+ - ^ L", £v,(t-{u)^ =t- . (6.14) 
The substitution of (16.141) into (I6.13p gives 



)(%]) = (g-g-') 



E n 



q 



_ [ofe _ 06 1 1 b+l,a 

Un \ \N-l>b>a>l L « ■'a-lJq- 



V X 



(9) f TT TT TT ^ f^+P^a ^ 



b=2 a=l £=1 



n 



(6.15) 



-^a+l ja 
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where Eb+i ^ = E^+i ,jEb+i t+i. The factor q^^-ii^a-i 4) appears after the reordering of 
the generators E^+i q. To obtain (16.151) from fl6.13l) we use again the reordering (15.231) . 



Remind the construction of [TVl] . Let L-operator L{z) = Xlfclo ^fj=i -'^^i ® 
L-j[k]z~^ of some Borel subalgebra f/g(b+) of f/g(g[^) satisfies the Yang-Baxter re- 
lation with a i?-matrix Ii{u,v). We use the notation L^''\z) G (^C^)*^^^ ® Ug{b^) for 

an L-operator acting nontrivially on k-th tensor factor in the product (C^)^^^ for 
1 < k < M. Consider a series on M variables 

T(mi, ...,um)= L(i) (Ml) • • ■ L(*^) (um) ■ (mm, . . . , Ml) (6. 16) 

with coefficients in (^End(C^))^^^ ® [/g(b+), where 

R^^'-'\uM, . . . ,Mi) = n R(^'HM,-,Mi) . (6.17) 

l<i<j<M 

In the ordered product of /^-matrices (16.17^ the factor R^-'*-' is to the left of the factor 
j^(mi) j ^ ui, OT j = m and i > I. Consider the set of variables (13.131) . Following 
jrvT] . set 

B(%])=trc«|.,®id(T(t},...,4; ... ; . . , C-_\)E|i"^ ® ■ ■ -^E^^^-® 1), (6.18) 

where \n\ = nN-i + - ■ ■+ni. The element (16.181) is given by (I6.16P with the identification: 
M = |n|, for a = 1, . . . , A^ — 1 and ni + ■ ■ ■ + na-i < i < rii + ■ ■ ■ + Ua, Ui = 

The coefficients of B(t^) are elements of the Borel subalgebra Uq{b~^). For any [/^(gl^)- 
module V with a singular vector v denote 

Mv{t[n]) =M{t[n])v. (6.19) 

We can establish a correspondence of the calculations above and of |TV2] as follows. 
We identify the i?-matrix R{u,v), see (16. 2p and R{u,v), the Borel subalgebra Uq{b^) 
(see the beginning of this section) with Uq{b~^) of |TV2j . Set 

'^M- n n n 



Then we have 



— 

l<a<b<N-l l<j<n(, l<i<na * 



~N-1 



W 



Ma{z) 



(%]) = r/(%])BMA(.)(%]) (6.20) 

for arbitrary evaluation module M\{z). This is just a literal coincidence of eq. (I6.15P 
and of eq. (6.11) in |TV2j . Next, we know that the comultiplication property of the 
weight functions Wy~^(t[^]) and Mv{i[n]) coincide |KPT] . Thus 

^1^7i®^Ai{^l)®...^MA„(2n)(%l) = '7(%])18i9(,o)®Mai(^i)®...®Ma„(^„)(%]) (6-21) 

for any tensor product of evaluation modules and a one-dimensional module 1^(^0)5 
which every Lii{z) acts by multiplication on g{zQ) (both weight functions in consid- 
eration are trivial for one-dimensional modules). The identity (I6.2ip is sufficient to 
conclude the general coincidence of the two constructions. 
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Let J be the left ideal of Uq{b^), generated by all E'Jri], i = 1, . . . , — 1, n > 
(equivalently, by modes of Ef,^a(t), a > b). Let \V^~^(tn) be the universal weight 
function given by eq. (16.111) . 

The following result verifies the conjecture of jKPT] for the universal weight function 
f l6.10p . and the weight function of (16.181) . related to i?-matrix (16. 2p . 

Theorem 3 

(i) The two weight functions are equal for each irreducible finite- dimensional Uq{Ql^)- 
module V with a singular vector v: 

Wv"^(t[n]) = ?7(%])By(%]) . 

(a) Consider Uq{b^) as an algebra over C[[{q — 1)]]. Then 

N-l na 

^""-'ikn]) n n ^-"Vil^?) = mod J . (6.22) 

a=l 1=1 

Proof. For the proof of (i) we apply (I6.2ip and the classical result [CP] : every irre- 
ducible finite-dimensional f/g(g[jY)-module with a singular vector v is isomorphic to a 
subquotient of a tensor product of one-dimensional modules and of evaluation mod- 
ules. More precisely, this subquotient is a quotient of the submodule of that tensor 
product generated by the tensor product of weight singular vectors. The singular vec- 
tor corresponds to the image of the tensor product of the singular vectors within this 
isomorphism. 

Due to (I6.2ip . for the proof of (ii) it is sufficient to verify the following statement. 
Let X G U{b^) be an element of the universal enveloping algebra of a Borel subalgebra 
of 0[^, which does not belong to J. Then there exists a tensor product of evaluation 
modules with a weight singular vector v such that xv ^ 0. This can be observed 
as follows. By FEW theorem, we can present a; as a sum of ordered monomials on 
Ej^^'^] ^ fl^Af with I < i < j < N and tt, > 0. Clearly, x admits a weight decomposition 
with respect to Cartan subalgebra of qIj^. Take a maximal weight component xq. 
Fresent Xq in a form 

Xo = J2^kPki{Ea,aK]}), (6.23) 

k 

where each is a monimial as = E2,i[ni]E2,i[Ti2] ■ ■ ■E3,i['^/] ■ ■ ■ EAr,Af-i[^m] of a 
given weight and -Pfc({Ea^a[na]}) is a polynomial over commuting imaginary root vectors 
Ea,a['^a], 0, = 1, . . . , A^. Let TTiij dcuotcs the number of occurrences of all possible Ej,i[r] 
in the decomposition of Xi. 

Let Mi be a gl^ Verma module with a highest vector v, satisfying the relations 
Ej^j[0]f = for 2 > j and Eaa[0]f = Sa^iV. Let Mi{z) be the corresponding evaluation 
module. For a collection n = {ni, . . . , un} and a set of variables Zn = {zl, . . . , 2^^, . . . , 
z^^} define M{zn) as a tensor product M{zn) = Mi{zl)®- ■ - ^Mn^z^^). Its weight sin- 
gular vector is -y = v®- ■ -^v. Denote by f{mij} ^ M{zn) the vector E2,if ® ■ ■ ■ ® E2,if ® 
• ■ ■ ® Ejv,Ar-i^^ ® V ® ■ ■ ■ ® V where the number of occurrences of each Ej jt> is mjj (we 
suppose that the numbers Uk are big enough). Equip the dual space M*{zn) with a 
structure of contragredient gl^ module (E*j = Ejj). Then the vector fj^. ,} € M*{zn) 
is well defined. 
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Consider the matrix element .|, ). By weight arguments it is equal to 
|,xof). It is also clear that we have nonzero contribution only for the terms 
with the same number of occurrences of Ej ,([r] (neglecting degrees r) as in Xi. In this 
matrix coefficient the imaginary root vector Ea^a[m] contributes as the Newton poly- 
nomial = (z")™ + ■ ■ ■ + (-2^^^)™ of degree m over the variables Zi, . . . , z^^ and thus 
each polynomial Pk{{^a,a[f^a\\) contributes as this very polynomial over symmetric 
functions s^. 

In order to describe the contribution of monomials on j with i < j we make 
the following renaming of the variables z^. We write them first in a natural order 
zl, . . . , z^^ and then rename first mi 2 of them as x\^, . . . , xl^_^^, the next mi^a of them 
^ and so on. The rest of the variables remain unchanged. Then each 
Ej^j[m] with i < j contributes as the Newton polynomial = (xf')™ + ■ ■ ■ + [x'^Ji^.)"^ 

of degree m over the variables x*/, . . . , x^^_^.. 

Now we use the following properties of symmetric (with respect to a product of 
symmetric groups) functions: (i) the Newton polynomials of degree less then the num- 
ber of the variables are algebraically independent; (ii) the products SmiSm2 " " " Sm„ of 
the Newton polynomials = + . . . + x'^ of n variables taken over all unordered col- 
lections (mi, m„) of nonnegative integers form a linear basis of the ring of symmetric 
functions on n variables; (iii) for any finite set of linearly independent polynomials of n 
variables one can find N > n such that all these polynomials will be linear independent 
over the ring of symmetric functions of variables. 

These properties of symmetric functions imply that once we take a collection n with 
all big enough, the matrix element {v^m- }'^'^) nonzero polynomial over {zn}. □ 

Clearly, the formality restriction in (ii) is artificial and is taken for technical sim- 
plification of the proof. 

A Analytical properties of composed currents 

An analytical reformulation of Serre relations fl2.9p . see [E], imply the following state- 
ments in the completed algebra Up- 

(i) the products Fi{z)Fi{w) have a simple zero at z = u0; 

(ii) the product {q'^^Zi - qz2){z2 - z^){qzi - q~^z^)Fi_i{zi)Fi{z2)Fi_i{z;i) vanish on 
the lines Z2 = Zi = q~^Zs and Z2 = q^^Zi = Z3] 

(ni) the product {zi - Z2){q~^Z2 - qzz){qzi - q'^Zz)Fi{zi)Fi_i{z2)Fi{z^) vanish on the 
lines Z2 = Zl = q^z^ and Z2 = q^zi = Z3. 

The properties (i), (ii) and (iii) imply the commutativity 

[F,_i{z)Fi{z)F,+i{z),F,{w)] = 0. (A.l) 

^Let w be a vector of a highest weight module V and ^ G V* . The analytical property (i) means 
that the matrix element Fi{z)Fi{w)v) is a meromorphic function of w and z equal to zero at w = z. 
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Let us prove (lA.ip . The basic relations fl2.8p imply that: 



{q-^z-qw){z-w){qz-q-^w)[Fi^i{z)Fi{z)Fi+,{z),Fi{w)] = 0. (A.2) 

Consider the product Fi_i{z)Fi{z)Fi^i{z)Fi{w). Due to (12. 8p this product as a function 
of w has poles at the points w = q^^z, z, q^z. On the other hand it has zero aX w = z 
due to (i). Due to (ii) the product has zero at w = q~'^z and due to 

(iii) the product Fi^i{z)Fi{z)Fi{w) has zero aX w = q^z. This means that the whole 
product Fi^i{z)Fi{z)FiJ^i{z)Fi{w) has no zeros and no poles. The same is true for 
the inverse product Fi{w)Fi^i{z)Fi{z)FiJ^i{z). The relations flA.2p implies now the 
commutativity in ( lA.ip . 

We will use f l4.12p in order to describe the analytical properties of the product of 
composed currents. 

Proposition A.l The following relations hold in U p for any a < b and c < d: 

Fb,a{z)FdAw) = FdAw)Fb,a{z) , b<c (A.3) 
{q-h - qw)Fi,4z)Fd,ciw) = {z - w)Fd,ciw)Fb,aiz) , b = c (A.4) 

Fb,a{z)FaAw) = \ ^ / FdAw)Fb,a{z) , a > c, b = d (A.5) 

1 — z/w 

'^-^^^^F,,a{z)Fd,c{w) = F,Aw)F,,a{z) a = c, b = d (A.6) 
1 — w/z 1 — z/w 

Fb,aiz)Fd,cH = Fd,ciw)Fh,aiz) , a<c<d<b (A.7) 

^^^-^y^F,4z)F,,,iw) = FdAw)F,,aiz) , a = c, b<d (A.8) 
1 — w/z 

We note that in the analytic language, both sides of all relations in (lA.3p - (lA.8p are 
analytical functions in (C*)^. This means, for instance, that the product Fd^a{w)Fb^a{z) 
in flA.8P has no zeroes and no poles for b < d, while the product Fb^a{z)Fd,a{'w) has a 
simple zero ai z = w and a simple pole ai z = q~'^w. 

Let us prove flA.8p . Consider the product F;, (j(z)F^ ^(ly). Due to flA.ip and (14.120 . 



analytical properties of this product are the same as of Fa{z)Fa{w)Fa+i{w). This 
product considered as a function of z has poles at the points z = q~^w and z = q^w. 
On the other hand due to (i) it has a zero aX z = w and due to (ii) a zero ai z = q^w. It 
means that the product F^, a(z)Fd,a(w) has a simple pole ai z = q~^w and a simple zero 
ai z = w. Consider now the inverse product Fd,a{u!)Fb^a{z). Its analytical properties 
are defined again due to (lA.ip by the properties of the product Fa{w)Fa+i{w)Fa{z). 
The latter has poles aX z = q^w and ai z = w. Due to (i) and (ii) it has zeros at the 
same points. It means that the inverse product Fd,a{w)Ff,^a{,z) of composed currents 
are analytic function in (C*)^ without zeros and poles. Now the relations (12. 8p imply 
dH). □ 



Corollary A.2 The inverse string ^^^20) have simple zeros at t-^ = and simple 



poles at tl = q for all pairs (m, k) such that rj>m>k>lj. These poles are the 
only singularities of the inverse string. 
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Proof follows from the analysis of the ordering of the product of currents in the inverse 
string. It contains the products of the composed currents Fj+i^a{ti)Fj+i,c(tin): where 
always a < c and k < m. Properties (lA.Sp and (1A.6P of the products of the composed 
currents shows that Fj+i^a{ti)Fj+i^c{tm) wi^^ always have the pole at tl = q~Hi^ and 
zero ai tl = ti^. □ 

The assertion IA.2I will be used in the next Appendix in order to calculate the 
projections of the inverse string (14.201) . 



B Projections of the string 

In this Appendix we prove Proposition 14.51 describing the projection of the inverse 
string. We also describe projection P~ . Up to renaming the variables the inverse string 
is a product Fj,i^{ti) ■ ■ ■ Fj^i^(tn) for 1 < ii < ■ ■ ■ < i„ < j. 

Lemma B.l For any 1 < ii < ■ ■ ■ < in ^ k < j we have an equality 

P^{F^,Ati) ■ ■ ■ F,„Xtn)F,4t)) = P+(F,,,(ti) • ■■F,,M) ■ P^{F^At)) + 

(B.l) 



=1 



t - qH. 



b 



where Vb{ti, . . . ,t„) take value in and do not depend on the variable t. 

Proof. We want to move the difference Fj^^it) — P+ (Fj ^it)) to the left of the product 
P?,ii(^i) ■ ■ ' Fj^i^itn) and observe that during this process appear only simple poles at 
the points t = qHi, with (independent on t) operator-valued residues. 

A particular case of the formula (14.131) for a = i + 1 can be written in the form 

F,,fc(t) = 5fc(F,, fc+i(t)) + (g-i - q)Fk{tf-^ F,,k+i{t) . (B.2) 

Iterating (lB.2p we obtain 

Fj,kif) = Sk Sk+i ■ ■ ■ Sj_2{Fj_i{t)) + Fj^k{t) , (B-3) 

where we set Fk+i±{t) = and 

i-i 

FjAt) = (l) Yl {Fn.M'^ - FrnM'^) F,,m{t) . (B.4) 

m=fc+l 

if j — A; > 1. Proposition 14.41 and (1B.3P imply that 

F,,fc(t) - P+ (P,- fc(t)) = 4fc(t)W - P,>(t)(-) . (B.5) 



and P+ \ Fj,k{t)j = 0. Applying Proposition 14.41 and flB.3l) once again, we get also an 

equality P+ (P,-fc(t)(-)) = 0. 

Permuting the difference Pj,fc(t) — P~^ (Fj^kit)) and the product of the currents 
Fj,iA^i) ■ ■ ■ Fj^i^{tn) we consider the terms Fj^k{t)'^^'^ and Fj^k{tY~'^ in the r.h.s. of (IB.SP 
separately. 
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Lemma B.2 For 1 < ii < • ■ ■ < i„ < < j 

P^[F,,,ih)---F,,M-F,,kit))=0. (B.6) 

Note that the equahty ( IB. 61) is equivalent to a system of two equahties, each of them 
is used further: 

P+ ■ ■■F,,M ■ hkitY^^) =0. (B.7) 

Proof. We use presentaion (lB.4p . the equahty P+ (^Fj k{t)^^^) = and prove the state- 
ment of Lemma by induction over k. For k = j — 2 the statement (IB. 61) follows from 
the relations 

F,^s{t')Fm,k{tY-^ = F^,k{tY~^Fj,s{t') , s<k 

F,,,{t')FmAtY-'> = '^-^^r^F^M~^F,,,(t') - iSl^—^F^At'Y-^F.At'), ^^'^^ 

valid for m < j. The latter relations are the result of applying the integral transfor- 
mation — f ^ i-t/z (1A.7I1 . (lA.Sp with renaming w t'. For = j — 3 we use again 
(EH and relat ions ( IB. 71) for k = j — 2, which are already proved and so on. □ 

Lemma B.3 The following relations hold for i < k 

+ ^^^^^ {F,At')F,At'f-^ + F,,u{t'r^F,,,{t')) . 

Proof. Apply the integral transform — § ^ i-t/z relations (1A.5I) , (1A.6I) and rename 

w -^t'. □ 
Lemmas IB. 31 and IB. 21 imply Lemma [B. II Exact form of Vb(ti, . . . , t„) is not impor- 
tant. □ 



Let Fkj{t; ti, ...,/!:„) be the linear combination of currents introduced by the relation 
( I4.38P . Lemma IB. II implies now the following 

Lemma B.4 For 1 < ii < ■ ■ ■ < in ^ k < j we have the equality of formal series 

P+(F,-,,(ti) ■ ■■F,,MF,,k{t)) = P-'iFjM ■ ■■F,,M) P^ {Fj,k{t;t^, . . . . 

Proof Corollary IA.2I to Proposition lA.ll states that the product of the currents 
Fj,ii(ti) ■ ■ ■ Fj^i^(tn)Fj^k(t) has simple zeroes at hyperplanes t = ti, i = 1, . . . ,n. Sub- 
stituting these conditions in (IB. II) we get a systems of n linear equations over the field 
of rational functions C(ti, . . . , t„) for the operators Vb{ti, . . . ,tn). 

=V-P^{F,,{t^)), ^ = l,...,n, (B.9) 
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where V = {Fji-^(ti) ■■■ Fji^{tn)). The determinant of the matrix S^fe = {ta—q^h) ^ 
of this system is nonzero in C(ti, . . . ,tn), 

det(i?) = (-g^)^n.^^^'"~''^' 



hence the system has a unique solution over C(ti, This imphes that the operators 
Vb are hnear combinations over C(ti, ...,ta-i) of the operators V ■ (Fj^kita)), a = 
1, ...,n, and the projection 

P+ ■ ..F,,MF,At)) = V-P+ - 

b=l 

where ft^it; ti, . . . ,tn) = Ab(t; ti, . . . , tn) /Y[m=ii^ ~ are rational functions whose 

numerators are polynomials on t of degree less then n. The system (IB.9P is satisfied if 
the rational functions ^Pt^it; ti, . . . , tn) have the property 

(pt^{ta;ti, ...,tn)= 6a,b , O, 6 = 1, ...,71. 

This interpolation problem has a unique solution given by formula (14.371) . This proves 
Lemma IB.4I □ 
The iteration of Lemma IB. 41 proves Proposition 14. 5[ □ 

Now we describe the projection P~ of the composed currents and strings. Let ad^; 
denotes the adjoint action in Uq{glj^) related to coproduct A°^, ad^; y = Yli^'l ' V ' 
a~^{x'j) , where Ax = Yli ^'i ® ^'i- Define screening operators Sj, i = 1, — 1 by the 
relation 

Si (y) = ad^^o] iv) = Fi[0] y - k~^ki+i y K^ih FJO] 
Inductive using of fl4.14p implies an analog of Proposition 14.41 (we do not use it further): 

P (F,+i,(t)) = ~S,~S,-, ■ ■ ■ S.+i {p-m))) = - {s,S,^r ■ ■ ■ S.+i (F,(t))) . 

Set 

n n _i 

^uAu;ui,...,Un) = II II 7 , and (B.ll) 

a=l, a^m a=l 
n 

Fj+i^i{u] Ui,..., Un) = Fj+i^i{u) - ^ <^«™(m; Mi, • • • , M„)Fj+l,i(Mm), I < i < j < N. 

m=l 

The series Fij+i(M; wi, . . . , ti„) admits another presentation, which will be used below. 
Namely, in the notation u = Uq and 

fr Mo-Mi ]Tj=l{<lUk - q-^Uj) 

f_\quo-q % Uj=o jM'^k - Uj) 
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we have 

Fj+i^i{uo]Ui, . . . ,Un) = ^V^n„(uo;Mi, . . . ,Un)-Fj+i,i(ufc), SO that 

fc=0 
n 

P (^Fj+i^i{uo;Ui, . . . ,M„,)j = ^V«™(«o;Mi, • • ■,Un)P' . (B.12) 

fc=0 

We have an analog of Proposition 14.51 

P " ' Pj,i,X^ri)) = P (^Pj,iiiti;t2, . . . ,tn)^ P (^Fj^i^it2; t^, . . . , tnij ■ 

_/~ N _ (B.13) 

■■■-P [Fj,i„^i{tn-i;tn)jP {Fj^i^{tn)) . 

Using (IB.lSp we present the projection of the string P^ ( J^l,{t\ i) ) in a factorized form 



X 



n q ^ - qtyt\, TT j TT 1 - t\/t\, 



(B.14) 



C String product expansion 

Let f/jj- be subalgebra oi U p generated by the modes of the currents Fi(t), . . . , Fj(t) 
and U^j = Uij fl Kere be the corresponding augmentation ideal 

Lemma C.l For any i and j with l<i<j<Nwe have 

P- (F^M) = -FjA^)^'^ mod P- (f/^_2) ■ U^,^l ■ (C.l) 

Proof is based on the relation 

mod P- {UQ ■ 



which is direct consequence of ( lB.2p . Using this relation several times we obtain 



P- (F.M) + FjAty-^ =S^■■■ {P- {Fj,,-,{t)) + 

mod P- ■ f/,,_i 

But for the simple roots currents we have P~ {Fj j_i{t)) + Fj j_i(t)^~^ = 0. so Lemma 
is proved. Using the commutativity of screening operators and the projections |KP] . 
we prove the lemma. □ 

Let s = {sj+i, Sj, . . . , S2, Si} be a collection of non-negative integers satisfying ad- 
missibility conditions: Sj+i > Sj > ■ ■ ■ > Si > Sq = 0. Set s' = {0, Sj, . . . , Si}. 
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Proposition C.2 For any product ^(^j's'*'^^]) o-nd a string we have an equality 

[sj_l,Sj] [si,S2l [si] \ / y 

modulo P (f/j) ■ f/j+i. 

Proof. Substitute (IB. 140 instead of tlie second factor of tlie product • 
P^ (^■^i(J[s ])j ■ strategy is to move each factor P^(^Fj^i^a(te', i^+i, • • • , H^)^ to tlie 
left of tlie product ^i^^.^^-^) and keep the terms modulo P~(f/f j) -f/ij+i. We start from 
the most left factor taken at a = 1 and £ = 1. We replace first P^ (^Fj^ii(t{; t^, . . . , ti^)j 

with a linear combination of with rational coefficients. This can be done 

by due to Lemma fCll and (IB. 1411 . since the modes of the commute with any 

elements from P~{Ul and thus can be moved to the left forming modulo terms. 
Then we use the relations flA.SP and ordering rules 



for a = 1, . . . , J, which are consequence of ( 1A.4I) . They give the equalities 

a=l a<e<s,+i ^ 

-Fj+i (i^"*"^ ) omitted 



(C.3) 



modulo P iU[j) ■ f/ij+i. The iteration of (lC.4p using other ordering rules, being 
consequences of (lA.Sp and (lA.7p . 

F,-+2,a(t)Fi+l,fe(t')^^^ = i^,+l,6(t')^~^^:,+2,a(t). a < 6 

leads to the following result. Denote 

-qx q-^ -qx q- q'^x 

ai[x) = — , a2[x) = — , a3(x) = — . (C.5) 

1 — X q — q~^x 1 ~ X 
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Then the product ^{^^^^j) ■ P (•^s'('^[sj])) modulo P (Ufj) ■ f/ij+i is equal to the 
following sum: 



1=1 \ Si-i<l<l'<Si I Ai A2 Ai 

j 



X 



n n «i(^rvtr') n ^^ai^'/^') n ^^(^'/^'^ 

i=l e<t' e<e' ^g^J- 



(C.6) 



X 

l<j<j 



F,+iiti+'-),...,Fj+i {ti+^ ) omitted 



The sum in flC.6P goes over all non-ordered subsets Ai, A2, . . . , Aj of the set A 



{1, . . . , Sj+i}. These subsets are defined as follows. Let = be an empty set. 
Denote Aq = A. Define inductively the subsets Ai and Aj- of Aq for i = 
by the relations: Ai U Aj- = Aj-_-^. Denote the elements of the set Ai by the letters 
as._^+i, . . . , tts^-i, ttsi- Number of the elements in the subset Ai is equal to Si — Si-i. 
Note also that because subsets Ak is defined inductively through previous subsets 
y4fc_i, . . . , the summations in (1C.6P are not commutative. First, we have to sum 
over all possible subsets Ai in Aq, then over all possible A2 in Aj^ and so on. 

The last line in (1C.6P is the inverse string. We can use the relations (lA.Sp between 
the composed currents and the last product of the rational series in the second line of 
(IC.6P to transform it to the string, again modulo P~'{Uf j) ■ f/ij+i: 

i=l \si.i<i<i'<Si J Aj A2 ^1 

X Y{ti^^i, . . . , t^:;; t{^, . . . , n n «i(^rvi^'^') n ^^itrv^^/') 

^ ' i<«<i 

arc omitted 

Let us also decompose the summation over the non-ordered sets A^ = {as._-^+i, . . . , Og.} 
to the summations over ordered sets Ai = {a^. ^+i < ■ ■ ■ < Og^} and to the sums over 
all permutations among fixed {as,_^+i, . . . , a^.}. Denote the sum over permutation of 
the fixed elements {as^_-^+i, . . . ,as,} as ^per^,- The previous formula can be written 
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in the form modulo P (U^j) ■ Uij+i. 

• p- i^m.,^ -til n ^^cj/^)-' 1 e ■ ■ ■ e 



i=i \si^i<e<e'<Si 

j 

X 



(C.7) 



n n ^^^^'/^') n ^^^'/^') e ■■■ e ^(^^^'•••'iir;^. 

j=l ^f^' t<l' perA, porAi 

(4+' ) omitted 

The summations ^pg^A "^^^ translated to the g-symmetrization of the series 
• • • , tit^i ^i, • • • , ^i) over the sets of variables • • • , t^J for i = 1, . . . , j. 

We have the identity of the formal series proved in [KP] : 

n n ^^"(W') n "i(^'^vtr) s^Ar--s^^^(^^4^ 

= , • • • p B , • • • ' ^al'-rtl,,^)) ■ (C.8) 

This identity allows to present the r.h.s. of flC.7p in the form 



E EE n 

Z— 1 >■ 



X 

l<«<j 

i^:,+i(tat^),.-,i^j+i{*at^) are omitted 



(C.9) 



X Sym . ■ ■ ■ Sym . Sym . . . . , t^^., . . . , t^^ 



In its turn, the summation over ordered sets Ai in flC.9P can be written as g-symmetri- 
zation over the set of variables so finally we obtain the statement of Proposi- 

tion [Oil □ 



Let and be the sets of variables defined by collections of segments [0, s] and 
[0, s'] respectively. Proposition IC.2I implies the following 

Proposition C.3 

1 , , (C.IO) 



38 



Note that the g-symmetrization Sym in (IC.lOp goes over the set of variables 
i\s'] which does not include the variables t?'*'^ i. This means that the left hand side 

of fimol) can be written in the form Sj^ (^(%']) " ^i^^l,]) ' P~ {^s'it[s,]))) ■ To 
prove Proposition IC.3I we have to substitute (lC.2p into this expression. We need the 
following 

Lemma C.4 Rational series Sym w-i ■ ■ ■ Sym p Sym p X{isf) is symmetric in each 
group of variables . . . ,tij, i = 1, . . . ,j . 

Proof of this Lemma results from the definition of the rational series (14. 151) and from 
the following corollary of fIC.Sp : the g-symmetrization Sym^F('u;'u) is a symmetric 
series on the set of variables u. □ 

Statement of Proposition IC.3I follows now from the identity for the series 



Sym p-i ■ ■ ■ Sym n x 

1=1 

Acknowledgement 

The authors thank S.Loktev, A.Molev and V.Tarasov for useful discussions. The work 
of the first author was supported by RFBR grant 07-02-00878, ANR project GIMP No. 
ANR-05-BLAN-0029-01 and Federal atomic agency of Russian Federation. This work 
was partially done when the second author visited Laboratoire d'Annecy-Le-Vieux de 
Physique Theorique. He thanks LAPTH for the hospitality and stimulating scientific 
atmosphere. His work was supported in part by RFBR grant 06-02-17383 and grant 
for support of scientific schools NSh-8065.2006.2. 

References 

[CP] Chari, V., Pressley, A. Quantum affine algebras and their representations. 
Representations of groups, CMS Conf. Proc, 16 (1994), 59-78. 

[D] Drinfeld, V. New realization of Yangians and quantum affine algebras. Sov. 
Math. Dokl. 36 (1988) 212-216. 

[DF] Ding, J., Frenkel, LB. Isomorphism of two realizations of quantum affine al- 
gebra Ugiglj^). Comm. Math. Phys. 156 (1993), 277-300. 

[DK] Ding, J., Khoroshkin, S. Weyl group extension of quantized current algebras. 
Transformation Groups. 5 (2000), 35-59. 



Sym 



39 



[E] Enriquez, B. On correlation functions of Drinfeld currents and shuffle algebras, 
Transformation Groups 5 (2000), n.2, 111-120. 



[EKP] Enriquez, B., Khoroshkin, S., Pakuliak, S. Weight functions and Drin- 
feld currents. Comm. Math. Phys. DOl 10.1007/s00220-007-0351-y. Preprint 
imath.qA/0610398t 

[ER] Enriquez, B., Rubtsov, V. Quasi-Hopf algebras associated with and com- 
plex curves. Israel J. Math 112 (1999) 61-108. 

[KP] Khoroshkin, S., Pakuliak, S. Weight function for Uq{sli) Theor. and Math. 
Phys., 145 (2005), no. 1, 1373-1399, |math . qA/0610433l 

[KPT] Khoroshkin, S., Pakuliak, S, Tarasov, V. Off-shell Bethe vectors and Drinfeld 
currents. Journal of Geometry and Physics 57 (2007), 1713-1732. 

[KR] Kulish, P., Reshetikhin, N. Diagonalization of GL{N) invariant transfer ma- 
trices and quantum N-wave system (Lee model) J. Phys. A: Math. Gen. 16 
(1983) L591-L596. 

[OPS] Oskin, A., Pakuliak, S., Silantyev, A. On an universal weight function for the 
quantum affine algebra Ug{Qlj^). Preprint ITEP-TH-55/07. arXiv: 0711 .2821] 
[math . QA] . 

[TVl] Tarasov, V., Varchenko, A. Jackson integrals for the solutions to Knizhnik- 
Zamolodchikov equation. Algebra and Analysis 2 (1995) no. 2, 275-313. 

[TV2] Tarasov, V., Varchenko, A. Combinatorial formulae for nested Bethe vectors. 
.math.QA/0702277, 



40 



